In this paper, we show that the stabilizer subgroup of
Introduction
A t − (v, k, λ) design is a pair (X, B) where X is a v-element set of points and B is a collection of k-element subsets of X called blocks, such that every t-element subset of X is contained in precisely λ blocks. For general facts and recent results on t-designs, see [BJH] . There are several ways to construct family of 3-designs, one of them is to use codewords of some particular codes over Z 4 . For example, see [HKY] , [HRY] , [YH] , and [R] . For the list of known families of 3-designs, see [K] .
Let F q be a finite field with odd characteristic and Ω = F q ∪ {∞}, where ∞ is a symbol. Let G = P GL 2 (F q ) be a group of linear fractional transformations. Then, it is well known that the action P GL 2 (F q )×Ω −→ Ω is triply transitive. Therefore, for any subset X ⊂ Ω, we have a 3 − (q + 1, |X|, |X| 3 × 6/|G X |) design, where G X is the setwise stabilizer of X in G (see [BJH, Proposition 4.6 in p.175] ). In general, it is very difficult to calculate the order of the stabilizer G X .
, one can derive the order of D + f from the number of solutions of y 2 = f (x). In particular, when y 2 = f (x) is in a certain class of elliptic curves (see Example 3.8 and 3.9), there is an explicit formula for the order of D 
Fractional Transformations
Let F q be a finite field of order q with odd characteristic and Ω
if a = 0, −1 otherwise.
We also define the linear fractional transformation group
As a function from Ω to Ω, every ρ ∈ P GL 2 (F q ) is a bijective function. Note
Then, we can easily check that
The proof of the other case is quite similar.
Proof. By the above lemma, it is trivial.
which was given by [Wi] .
Example 2.5. By combining Corollary 2.3 and the fact that
we have some new relations between the order of elliptic curves over F q .
As an example, let f (
for any α, β (α = β) ∈ F q (for this, see Theorem 5.48 of [LN] ), we have
3 Construction of new family of 3-designs
In this section, we construct new family of 3-designs, which is a generalization of [I] .
Proof. For k = 1, 2, we may show these inequalities by direct calculation. So, we assume that k ≥ 3. Let X be the projectivization of the affine curve y 2 = f (x) and X be it's normalization. Let N (X) (N ( X)) be the number of rational points of X ( X, respectively). Note that the geometric genus g of
Since X has only one singular point at ∞, we may easily check that N ( X) − N (X) ≤ 1. Therefore, by Weil's bound [We] for X, we have
The lemma follows from this.
Then the followings are equivalent:
Clearly, (iv) implies (ii) and (iii). Let h(x) = gcd(f (x), f ρ (x)) and we write
. Therefore, by Lemma 3.1, there is an α ∈ F q such that h(α) = 0 and e f (α) e fρ(α) q = −1. Furthermore, by the above inequality, such elements exist at least 2 for even k. Therefore,
Consequently, (ii) or (iii) implies (iv). Therefore (ii),(iii) and (iv) are equivalent. Now, assume that (i) is true. By Lemma 2.2, we have
Hence, we may assume that k is odd by the above observation. In this case,
Therefore, we have ρ(α) ∈ D − f . Note that if k is even and ρ(α) = ∞, then f ρ (α) = t(α) k × (leading coefficient of f ). This is a contradiction to the fact that α ∈ D − f ρ . Therefore, (i) holds. The proof of ρ(D + f ) = D + f =⇒ (ii) or (iv) is quite similar to that of (i) =⇒ (iii) or (iv) and the proof of the remaining statements is trivial.
Assume that ρ(D 0 f ) = D 0 f and in addition that ρ(∞) = ∞ when the degree of f is even. Then
Proof. First assume that k ≡ 1 (mod 2) and ρ
The first case follows from this. Since the other cases are quite trivial, the proofs are left to the readers.
From now on, we assume that −1 ∈ (F × q ) 2 and q = 3. Note that q ≡ 3 (mod 4). Let X be a subset of Ω and G = P SL 2 (F q ) be the projective special linear group over F q . Denote by G X the setwise stabilizer of X in G. Define B = {ρ(X) | ρ ∈ G}. Then, it is well known that (Ω, B) is a 3 − q + 1, |X|, |X| 3 × 3/|G X | design (see, for example, Chapter 3 of [BJH] ). Therefore, if we could compute the order of the stabilizer G X , then we obtain a 3-design. In [I] , Iwasaki constructed a new family of 3-designs by considering the set D − f for f (x) = x(x−1)(x+1) (in his notation, V = D − f ). Now, we consider the set D + f , when f (x) with degree 3 has three distinct roots in F q . In this case, there exists a ρ ∈ P SL 2 (F q ) such that ρ −1 ({roots of f , ∞}) 
There is an element of order 3 in E(λ) if and only if λ is a root of x 2 − x + 1 = 0. In this case, E(λ) A 4 . When E(λ) does not contain an element of order 3,
Proof. For the first assertion, see [BJH] . Assume that E(λ) Z 4 . Then E(λ) contains an element σ satisfying
For each case, we may easily check that λ ∈ {2, −1, 1/2} and 2 ∈ (F × q ) 2 . Since the other cases can be done in a similar manner, the proofs are left to the readers. A 4 if λ 2 − λ + 1 = 0, Z 2 ⊕ Z 2 if − λ, λ − 1 ∈ (F × q ) 2 and λ 2 − λ + 1 = 0, Z 2 otherwise.
Proof. We use Lemma 3.4 to prove our assertion. It suffices to check that
For example, assume that λ = −1 and 2 ∈ (F × 2 ) 2 . One of elements τ ∈ E(λ) of order 4 has the form τ (x) = −x−1 x−1 . One may easily check by Lemma 3.4 that τ (D + f λ ) = D − f λ . Therefore, H(λ) does not contain an element of order 4 and hence H(λ) Z 2 . All other cases can be done in a similar manner.
We give some examples of 3-designs by using our method. If deg(f ) = 3, we may apply some results on the number of rational points of elliptic curves over F q to compute the order of D + f .
